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THREE CIRCLE THEOREMS ON K ¨AHLER MANIFOLDS AND
APPLICATIONS
GANG LIU
Abstract. The classical Hadamard three circle theorem is generalized to complete Ka¨hler
manifolds. More precisely, we show that the nonnegativity of the holomorphic sectional
curvature is a necessary and sufficient condition for the three circle theorem. As corollaries,
two sharp monotonicity formulae for holomorphic functions are derived. Among applica-
tions, we derive sharp dimension estimates (with rigidity) of holomorphic functions with
polynomial growth when the holomorphic sectional curvature is nonnegative. When the
bisectional curvature is nonnegative, this was due to Ni. Also we study holomorphic func-
tions with polynomial growth near infinity. On a complete noncompact Ka¨hler manifold
with nonnegative bisectional curvature, we prove any holomorphic function with polyno-
mial growth is homogenous at infinity. This result is closely related with Yau’s conjecture
on the finite generation of holomorphic functions (see page 3− 4 for detailed explanation).
We also generalize the three circle theorem to Ka¨hler manifolds with holomorphic
sectional curvature lower bound. These inequalities are sharp in general. As applications,
we establish sharp dimension estimates for holomorphic functions with certain growth
conditions when the holomorphic sectional curvature is asymptotically nonnegative.
Finally observe that Hitchin constructed some complex manifolds which admit Ka¨hler
metric with positive holomorphic sectional curvature, yet do not even admit Ka¨hler met-
rics with nonnegative Ricci curvature. Thus the set of complete Ka¨hler manifolds with
nonnegative holomorphic sectional curvature is strictly wider than those with nonnegative
bisectional curvature.
1. Introduction
Recall the classical Hadamard Three Circle Theorem:
Theorem 1. Let f (z) be a holomorphic function on the annulus r1 ≤ |z| ≤ r3. Let M f (r) be
the maximum of | f (z)| on the circle |z| = r. Then log M f (r) is a convex function of log r. In
other words,
(1) log( r3
r1
) log M f (r2) ≤ log( r3
r2
) log M f (r1) + log( r2
r1
) log M f (r3)
where r1 < r2 < r3.
It is natural to wonder whether we can generalize this theorem to complete Ka¨hler man-
ifolds.
Definition 1. Let M be a complete Ka¨hler manifold. We say M satisfies the three circle
theorem, if for any point p ∈ M, r > 0, any holomorphic function f on B(p, r), log M f (r)
is a convex function of log r. In other words, for r1 < r2 < r3,
(2) log( r3
r1
) log M f (r2) ≤ log( r3
r2
) log M f (r1) + log( r2
r1
) log M f (r3).
Here M f (r) = max | f (x)| for x ∈ B(p, r).
We have a very satisfactory classification of manifolds satisfying the three circle theo-
rem.
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Theorem 2. Let M be a complete Ka¨hler manifold. Then M satisfies the three circle
theorem if and only if the holomorphic sectional curvature is nonnegative.
Remark. It is interesting to compare this theorem with the classical volume comparison
theorem. The volume comparison theorem says the Ricci curvature controls the volume
growth; theorem 2 says the holomorphic sectional curvature controls the growth of holo-
morphic functions.
Remark. There are generalizations of the three circle theorem in various settings. For
instance, Colding, De Lellis and Minicozzi [19] proved a three circle inequality for the
Sobolev norm of the solution to a Schro¨dinger equation on a product N × [0, T ] for certain
closed manifold N.
Remark. In the Riemannian case, Colding-Minicozzi [12] introduced a frequency function
for harmonic functions. In remark 2.16 of [12], Colding and Minicozzi pointed out that
when the manifold is Euclidean, the monotonicity of the frequency is an analytic version of
the Three Circle Theorem of Hadamard. However, the frequency function is not monotonic
for general manifolds with nonnegative Ricci curvature and Euclidean volume growth.
Moreover, the order of a harmonic function at infinity is not well defined (see page 67 in
[12]). Compare this with corollary 2 and corollary 1.
Next we discuss some applications of theorem 2. Recall three conjectures of Yau [53].
Conjecture 1. Let Mn be a complete noncompact Ka¨hler manifold with positive bisec-
tional curvature, then M is biholomorphic to Cn.
On a complete Ka¨hler manifold M, we say a holomorphic function f ∈ Od(M), if there
exists some C > 0 with | f (x)| ≤ C(1 + r(x, x0))d for all x ∈ M. Here x0 is a fixed point on
M. See also definition 2.
Conjecture 2. Let Mn be a complete noncompact Ka¨hler manifold with nonnegative bi-
sectional curvature. Then the ring of holomorphic functions with polynomial growth is
finitely generated.
Conjecture 3. Let Mn be a complete noncompact Ka¨hler manifold with nonnegative bi-
sectional curvature. Then given any d > 0, dim(Od(M)) ≤ dim(Od(Cn)).
So far there have been many works on conjecture 1. For example, [43][44][20], etc.
However, conjecture 1 is still open in general. Below we shall consider some aspects of
conjecture 3 and conjecture 2.
To bound of the dimension of holomorphic functions with polynomial growth, it suffices
to bound the vanishing order by the growth rate.
In [43], Mok proved the following:
Theorem 3 (Mok). Let Mn be a complete Ka¨hler manifold with positive Ricci curvature
(n ≥ 2), such that for some fixed point p ∈ M,
• Scalar curvature ≤ C0
r(p,x)2 for some C0 > 0;
• Vol(B(p, r) ≥ C1r2n for some C1 > 0.
Let f ∈ Od(M), then there exists a constant C independent of f such that the vanishing
order of f at p satisfies ordp( f ) ≤ Cd.
For a complete Ka¨hler manifold Mn with nonnegative bisectional curvature, we say M is
of maximal volume growth, if lim
r→∞
Vol(B(p,r))
r2n
> 0. In [45], Ni proved a remarkable theorem
which confirmed conjecture 3 by assuming the maximal volume growth condition:
THREE CIRCLE THEOREM 3
Theorem 4 (Ni). Let Mn be a complete Ka¨hler manifold with nonnegative holomorphic
bisectional curvature. Assume M is of maximal volume growth, then
dim(Od(M)) ≤ dim(Od(Cn))
for any positive integer d. If the equality holds for some d, M is isometric and biholomor-
phic to Cn.
Ni’s method is parabolic. There are two key points in the proof: 1. The plurisubhar-
monicity is preserved under the heat flow when the bisectional curvature is nonnegative.
This results was proved in [47] by Ni and Tam. 2. A monotonicity formula for plurisubhar-
monic functions under the heat flow. This monotonicity formula resembles the trace form
of Hamilton’s Li-Yau-Hamilton differential inequality [31] originally called the differential
Harnack inequality, for the Ricci flow.
By using same technique in [45], Chen, Fu, Le and Zhu [8] removed the maximal
volume growth condition in theorem 4. Therefore, conjecture 3 was solved completely.
As an application of theorem 2, we generalize theorem 4 to the case when the holomor-
phic sectional curvature is nonnegative.
Theorem 5. Let Mn be a complete noncompact Ka¨hler manifold with nonnegative holo-
morphic sectional curvature. Then for any d > 0, dim(Od(M)) ≤ dim(Od(Cn)). Moreover,
if the equality holds for some positive integer d, M is biholomorphic and isometric to Cn.
The condition in theorem 5 is much weaker than the nonnegativity of holomorphic bi-
sectional curvature. For instance, it is not known whether the volume comparison theorem
holds in this case.
In the Riemannian case, there have been many articles on the dimension estimate of
harmonic functions with polynomial growth. See [11]-[17], [36] etc. Colding and Mini-
cozzi [11] proved that for a complete manifold Mm with nonnegative Ricci curvature, the
dimension of harmonic functions with polynomial growth is finite. In [36], Li provided
an elegant short proof. However, the example of Donnelly [22] shows that the sharp es-
timate is not true, if we compare with the Euclidean space. The sharp upper bound was
only obtained either when d = 1 or m = 2 in [37][38] by Li and Tam. The rigidity part
for d = 1 was due to Li [34] for the Ka¨hler case; Cheeger-Colding-Minicozzi [1] for the
general case. Li and Wang [40] showed that when the sectional curvature is nonnegative
and manifold has maximal volume growth, an asymptotically sharp estimate is valid. Thus
for dimension estimates of harmonic (holomorphic) functions, there is a subtle difference
between the Riemannian case and the Ka¨hler case. Please refer to [33][35] for nice survey
of these results.
Now we consider conjecture 2. So far very little is known. In [38], Li and Tam con-
firmed conjecture 2 in complex dimension 1. Due to the specialty in this case, it seems
not so easy to generalize their result to higher dimensions. In [17][45], it was proved that
quotient field of holomorphic functions with polynomial growth has finite transcendental
degree over C. However, it is unclear why the ring itself is finitely generated.
The difficulty of conjecture 2 is to build a bridge between analysis and algebra. We
propose a method to solve conjecture 2. More precisely, in theorem 8, we prove that on a
complete Ka¨hler manifold with nonnegative bisectional curvature, any holomorphic func-
tion with polynomial growth is asymptotically homogenous. The point here is that these
annuli are independent of the holomorphic functions and no volume condition is assumed(
in [42], it was proved that if the manifold does not split, it must be of maximal volume
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growth). Therefore, we can handle all holomorphic functions with polynomial growth in
one single tangent cone. Moreover, if there exists a nonconstant holomorphic function with
polynomial growth and the universal cover of the manifold does not split, it was proved that
the manifold must be of maximal volume growth. In some sense, we reduce the problem
to the compact factor of the metric cone. Then, techniques from algebraic geometry might
be used to show finite generation of the compact factor. The picture is clear for standard
C
n: given any holomorphic polynomial f , f is homogenous with degree d at infinity. Then
f can be reduced to a function on S2n−1 which is the cross section of the tangent cone of
C
n
. By the Hopf fibration S1 → S2n−1 → CPn−1, we further reduce the function to a global
section of the line bundle dH, where H is the hyperplane line bundle on CPn−1.
In theorem 12, the three circle theorem is extended to the case when the holomorphic
sectional curvature has a lower bound. As applications, we generalize theorem 5 to the
case when the holomorphic sectional curvature is only asymptotically nonnegative. The
power is still sharp. This in particular includes the case when the holomorphic sectional
curvature is nonnegative outside a compact set. To the author’s best knowledge, even with
the stronger condition that the bisectional curvature is nonnegative outside a compact set, it
was not known whether the dimension of holomorphic functions with polynomial growth is
finite. Also, in the Riemannian case, it was only known that if the first Betti number is finite
and the manifold has nonnegative Ricci curvature outside a compact set, the dimension of
harmonic functions with polynomial growth is finite. See for example, [50][49].
We also apply the three circle theorem to holomorphic maps with polynomial growth be-
tween certain complete Ka¨hler manifolds. We are able to embed the space of holomorphic
maps into a finite dimensional complex manifold. If the embedding is a homeomorphism,
we show both the domain and the target are complex Euclidean spaces.
The proof of theorem 2 is surprisingly simple. It only uses the Hessian comparison
theorem and the maximum principle. In the maximum principle, we consider the Hessian
in one direction, not the Laplacian.
Apart from the introduction, this paper is organized as follows: In section 2, we prove
theorem 2. Two monotonicity formulae are derived as corollaries. We prove theorem 5
as a byproduct. In section 3, we study the asymptotic behavior of holomorphic functions
with polynomial growth on Ka¨hler manifolds with nonnegative bisectional curvature. In
section 4, a Liouville type theorem for plurisubharmonic functions is proved when the
holomorphic sectional curvature is nonnegative. Note that when the holomorphic bisec-
tional curvature is nonnegative, the result was due to Ni and Tam [47]. Section 5 deals
with the holomorphic bundle case. In section 6, we study the space of holomorphic maps
between certain noncompact Ka¨hler manifolds. Section 7 introduces the three circle the-
orem in the general setting. We assume that the holomorphic sectional curvature has a
lower bound which might depend on the distance. In particular, we state the corresponding
theorem when the holomorphic sectional curvature is no less than −1 or 1. In section 8, we
study holomorphic functions on complete Ka¨hler manifolds with holomorphic sectional
curvature asymptotically nonnegative. Sharp dimension estimates are obtained. Miscel-
laneous results are proved in section 9. For example, we prove that in some cases, holo-
morphic functions with exponential growth have finite dimension. Moreover, the power is
sharp. Section 10 concludes this paper with examples showing that certain complex mani-
folds admit Ka¨hler metric with positive holomorphic sectional curvature, but do not admit
Ka¨hler metric with nonnegative Ricci curvature.
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2. Hadamard Three Circle Theorem, Special Case
In this section we prove theorem 2 and theorem 5.
Definition 2. Let M be a complete noncompact Ka¨hler manifold. Let O(M) be the ring of
holomorphic functions on M. For any d ≥ 0, define
Od(M) = { f ∈ O(M)| lim
r→∞
M f (r)
rd
< ∞}.
Here r is the distance from a fixed point p on M; M f (r) is the maximal modulus of f on
B(p, r). If f ∈ Od(M), we say f is of polynomial growth with order d. We also define
O′d(M) = { f ∈ O(M)| lim
r→∞
M f (r)
rd
< ∞}.
Clearly Od(M) ⊆ O′d(M).
We state some corollaries of theorem 2.
Corollary 1 (Sharp Monotonicity I). Let M be a complete Ka¨hler manifold with nonnega-
tive holomorphic sectional curvature, then f ∈ O′d(M) if and only if
M f (r)
rd
is nonincreasing.
Remark. In [10][18], Colding, Colding-Minicozzi derived some important monotonicity
formulae for harmonic functions.
Proof. If M f (r)
rd
is nonincreasing, it is obvious that f ∈ O′d(M). Let f ∈ O′d(M). We need to
show that
M f (r1)
rd1
≥ M f (r2)
rd2
for r1 ≤ r2. By rescaling, we may assume r1 = 1. By the assumption of corollary 1, given
any ǫ > 0, there exists a sequence λ j → ∞ such that,
log M f (λ j) ≤ log M f (1) + (d + ǫ) log λ j.
If we take r3 = λ j sufficiently large in (2), then
M f (r2) ≤ M f (r1)rd+ǫ2 .
The corollary follows if ǫ → 0. 
Corollary 2. Let M be a complete noncompact Ka¨hler manifold with nonnegative holo-
morphic sectional curvature, then O′d(M) = Od(M).
Corollary 3. Let M be a complete Ka¨hler manifold with nonnegative holomorphic sec-
tional curvature. Let d ≥ 0. Assume f ∈ Od+ǫ (M) for any ǫ > 0. Then f ∈ Od(M).
Proof. According to corollary 1, M(r)
rd+ǫ
is nonincreasing for any ǫ > 0. Thus M(r)
rd
is nonin-
creasing. This implies that f ∈ Od(M). 
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Corollary 1 implies the sharp dimension estimate for holomorphic functions with poly-
nomial growth. For reader’s convenience, we rewrite theorem 5 below.
Theorem 6. Let Mn be a complete noncompact Ka¨hler manifold with nonnegative holo-
morphic sectional curvature. Then for any d > 0, dim(Od(M)) ≤ dim(Od(Cn)). Moreover,
if the equality holds for some positive integer d, M is biholomorphic and isometric to Cn.
Proof. Suppose for some d, the reverse inequality holds. By linear algebra, for any point
p ∈ M, there exists a nonzero holomorphic function f ∈ Od(M) such that the vanishing
order at p is at least [d]+1. Here [d] is the greatest integer less than or equal to d. Therefore
lim
r→0+
M f (r)
rd
= 0.
Corollary 1 says M f (r)
rd
is nonincreasing. Thus f ≡ 0. This is a contradiction. We postpone
the proof of the rigidity to the end of this section. 
Remark. As we remarked in the introduction, one key point of Ni’s method to theorem
4 is that the plurisubharmonicity is preserved under the heat flow when the bisectional
curvature is nonnegative [47]. It does not seem obvious to the author whether this still
holds when the holomorphic sectional curvature is nonnegative.
Corollary 4. Let Mn be a complete Ka¨hler manifold with nonnegative holomorphic sec-
tional curvature. Then the quotient field associated with the holomorphic functions with
polynomial growth has transcendental degree at most n over C.
Proof. The proof follows from the standard Poincare-Siegel type argument. Please refer
to [43] for details. 
Remark. Analogous results were proved in [45][17].
Definition 3. On a manifold M, two metrics g1, g2 are quasi-isometric if there exist C1,C2 >
0 such that for any p, q ∈ M,
1
C1
dg1 (p, q) − C2 ≤ dg2 (p, q) ≤ C1dg1 (p, q) +C2.
Corollary 5. Let g be a complete Ka¨hler metric on Cn which is quasi-isometric to the
Euclidean metric g0. Assume g has nonnegative holomorphic sectional curvature, then g
is flat.
Proof. According to the assumption, all linear holomorphic functions on (Cn, g0) are of
linear growth with respect to g. According to the rigidity in theorem 5, g is flat. 
Corollary 6 (Sharp Monotonicity II). Let M be a complete Ka¨hler manifold with nonneg-
ative holomorphic sectional curvature, f ∈ O(M). If the vanishing order of f at p is at
least k, M f (r)
rk
is nondecreasing.
Remark. Recall the classical Schwarz Lemma: f is a holomorphic function from the unit
disk D2 to D2, with f (0) = 0. Then | f (z)| ≤ |z| and | f ′(0)| ≤ 1. This corollary could
be regarded as a generalization of the Schwarz lemma: Just endow D2 with the standard
Euclidean metric and apply the corollary.
Proof. We need to show
M f (r1)
rk2
≤ M f (r2)
rk3
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for r2 ≤ r3. By rescaling, we assume r3 = 1. Since the vanishing order of f at p is at least
k, given any small ǫ > 0, for r sufficiently small,
log M f (r) ≤ log M f (1) + (k − ǫ) log r.
Take r1 = r sufficiently small in (2). We obtain
M f (r2) ≤ M f (r3)rk−ǫ2 .
The corollary follows if ǫ → 0. 
Corollary 7 (Weak monotonicity for mean values). Let Mn be a complete Ka¨hler manifold
with nonnegative holomorphic bisectional curvature and p ∈ M. Let f ∈ O(M) and define
A f (r) =
∫
B(p,r) | f |2
Vol(B(p,r)) . There exists a constant C = C(n) such that
• f ∈ Od(M) if and only if CA f (r1)( r12 )2d ≥
A f (r2)
r2d2
for any 0 < r1 ≤ r2.
• f vanishes at p with order at least k if and only if A f (r1)22kr2k1 C ≤
A f (r2)
r2k2
for any 0 < 2r1 ≤
r2.
Proof. According to the mean value inequality by Li and Schoen [39], if u is a nonnegative
subharmonic function, there exists a positive constant C(n) depending only on dimension
such that
C(n)
∫
B(p,r) u
2
Vol(B(p, r)) ≥ (u(p))
2.
Take u = | f |, then u is subharmonic. Together with the volume comparison, we find that
there exists a constant C′ depending only on n such that
(M f (r))2 ≥ A f (r) ≥ C′(M f ( r2 ))
2
for any r > 0. Then corollary 7 follows from corollary 1 and corollary 6. 
Now we turn to the proof of theorem 2.
Proof. First we prove that if M has nonnegative holomorphic sectional curvature, M satis-
fies the three circle theorem. We will use the following Hessian comparison theorem which
appears in [41] by Li and Wang:
Theorem 7. Let M be a complete Ka¨hler manifold with nonnegative holomorphic sectional
curvature. Let r be the distance function to a point p ∈ M. Define e1 = 1√2 (∇r−
√
−1J∇r).
Then when r is smooth, r11 ≤ 12r . Thus
(log r)11 =
r11
r
− r1r1
r2
≤ 0.
Since the proof is simple, we include it here for reader’s convenience.
Proof. Let x be a point outside the cut locus of p on M. Let ei be a unitary frame at x ∈ M
and e1 = 1√2 (∇r −
√
−1J∇r). We parallel transport the unitary frame along the minimal
geodesic from p to x. Consider the Bochner formula
(3)
0 = 1
2
|∇r|211
= ri11ri + ri1ri1 + ri1ri1 + riri11
≥ 2r2
11
+
∂r11
∂r
+
1
2
R1111.
Together with the initial condition of r11 for r → 0, we obtain the proof. 
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Define
F(x) = log( r3
r
) log M f (r1) + log( r
r1
) log M f (r3)
for 0 < r1 ≤ r = dist(x, p) ≤ r3. Define
G(x) = log( r3
r1
) log | f (x)|.
It is clear that F(x) ≥ G(x) when x ∈ ∂B(p, r1) and x ∈ ∂B(p, r3). Suppose F(x) < G(x)
somewhere inside the annulus. Let q be the maximum point of G(x) − F(x). If q is not on
the cut locus of p, √
−1∂∂(G(x) − F(x))|x=q ≤ 0;
∇F(q) = ∇G(q) = C∇r(q)
where C is some constant (this point will be used in the proof of theorem 9). In particular,
G11 − F11 ≤ 0
at q, where e1 = 1√2 (∇r −
√
−1J∇r). The Poincare-Lelong equation says
√
−1
2π
∂∂ log | f |2 = [D]
where D is the divisor of f . Since G(x)−F(x) has the maximum at q, | f (q)| , 0. Therefore
G11 = 0.
As f is a holomorphic on M, we may assume M f (r1) < M f (r3), otherwise f is a constant.
By theorem 7,
F11 ≤ 0.
Therefore
G11 − F11 ≥ 0.
If the strict inequality holds, this will be a contradiction. For a small constant ǫ > 0, we
define
Fǫ (x) = aǫ log(r − ǫ) + bǫ .
Here aǫ and bǫ are chosen so that
Fǫ(r1) = M f (r1); Fǫ(r3) = M f (r3).
Clearly when ǫ → 0, Fǫ → F. Since M f (r3) > M f (r1), aǫ > 0. Now we compute
(log(r − ǫ))11 =
r11
r − ǫ −
1
2(r − ǫ)2 < 0
by theorem 7. Therefore
(G(x) − Fǫ(x))11 > 0.
This implies that it cannot assume the maximum inside the annulus if we ignore the cut
locus problem. Considering the boundary data, we find that for any small ǫ > 0,
G(x) − Fǫ ≤ 0
inside the annulus.
To complete the proof, we still need to handle the case when qǫ (qǫ is the maximum
point of G−Fǫ) lies on the cut locus of p. We will adopt the trick of Calabi. Pick a number
ǫ1 with 0 < ǫ1 < ǫ. Let p1 be the point on the minimal geodesic connecting p and qǫ such
that dist(p, p1) = ǫ1. Define
rˆ(x) = dist(p1, x)
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and consider
Fǫ,ǫ1 = aǫ log(rˆ + ǫ1 − ǫ) + bǫ .
Then
Fǫ,ǫ1 ≥ Fǫ
by triangle inequality and
Fǫ(qǫ) = Fǫ,ǫ1(qǫ).
Thus G − Fǫ,ǫ1 has maximum at qǫ . Note
(Fǫ,ǫ1)11 < 0,
since ǫ1 < ǫ. Then we apply the maximum principle for G−Fǫ,ǫ1 at qǫ to get a contradiction.
The proof of the sufficient part of theorem 2 follows if we let ǫ1 → 0 and then ǫ → 0.
We come to the necessary part of theorem 2. The argument is local. Consider the normal
coordinate U(z1, z2, ...., zn) at p. Let γ = (z1(t), z2(t), ...., zn(t)) be a geodesic emanating
from p and t is the arc length. Here we are assuming zi = 1√2 (xi +
√
−1yi). This makes
| ∂
∂zi
| = 1 at p. Suppose R1111 < 0. Recall the geodesic equation
(4) d
2zλ
dt2
= −Γλµν
dzµ
dt
dzν
dt .
Suppose the initial tangent vector of γ is given by X = ∑ Xi ∂
∂zi
+
∑
X
i ∂
∂zi
. Note that at
p, Ri jkl = −
∂2gi j
∂zk∂zl
. By (4),
(5) zi(t) = tXi + 16
∑
j,k,l
R jikl(p)X jXkXlt3 + o(t3).
For the holomorphic function z1, assume the maximum modulus on B(p, r) is achieved
at q(r) ∈ ∂B(p, r) (note q(r) might not be unique). Let exp be the exponential map and
suppose Xr is a unit tangent vector at p with expp(Xr, r) = q(r). Then when r → 0,
|X1r | → 1√2 ,
(6) |Xir | → 0
for i , 1. By (5) and (6),
(7)
|z1(q(t))|2 = t2|X1t |2 +
1
3 t
4
∑
j,k,l
Re(R j1kl(p)X1t X jt Xkt Xlt) + o(t4) ≤
1
2
t2 +
1
6 R1111|X
1
t |4t4 <
1
2
t2
for all small t. In the inequality, we have used that R1111 < 0.
Let M(r) = max |z1| on B(p, r). Then M(r)r < 1√2 for small r > 0. Note that limr→0
M(r)
r
=
1√
2
. If M satisfies the three circle theorem, we have corollary 6. This is a contradiction.

Now we complete the rigidity part of theorem 5. It suffices to show that M is flat (then
we take the universal cover). We need to show that for any p ∈ M and X ∈ Tp(M),
RXJXJXX = 0. There exists a local coordinate chart (U, z1, z2, ...zn) containing p such that
X = ∂
∂x1
and ∂
∂z1
(p) = X − √−1JX. Since dim(Od(M)) = dim(Od(Cn)), there exists f ∈
Od(M) such that the restriction of f in U is
f (z1, z2, ..., zn) = zd1 + O(rd+1).
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In particular, the vanishing order of f at p is d. Corollary 1 and corollary 6 imply
M f (r)
rd
≡ Constant.
By the proof of theorem 2 and the definitions of F and G, we find that G(x) − F(x) has
maximum 0 on every geodesic ball ∂B(p, r), say at q(r). By checking the equality of the
Hessian comparison (theorem 7), we have that RYJYJYY = 0 where Y = ∇r at q(r). From
the Taylor expansion of f , it is easy to see that the subsequential limit of Y is on the tangent
subspace of p spanned by X and JX, as r → 0+. Thus RXJXJXX = 0. This completes the
proof of the rigidity.
3. Asympototic behavior of holomorphic functions of polynomial growth
In this section, we prove that on Ka¨hler manifolds with nonnegative bisectional curva-
ture, any holomorphic function with polynomial growth is homogenous at infinity. The
proof involves the convergence of Riemannian manifolds which were established in [26],
[4][5][6][7] and [3]. We shall review some background here.
Let (Mni , yi, ρi) be a sequence of pointed complete Riemannian manifolds, where yi ∈
Mni and ρi is the metric on Mni . By Gromov’s compactness theorem, if (Mni , yi, ρi) have
a uniform lower bound of the Ricci curvature, then a subsequence converges to some
(M∞, y∞, ρ∞) in the Gromov-Hausdorff topology. See [26] for the definition and basic
properties of Gromov-Hausdorff convergence.
Definition 4. Let Ki ⊂ Mni → K∞ ⊂ M∞ in the Gromov-Hausdorff topology. Assume { fi}∞i=1
are functions on Mni , f∞ is a function on M∞. Φi are ǫi-Gromov-Hausdorff approximations,
lim
i→∞
ǫi = 0. If fi ◦Φi converges to f∞ uniformly, we say fi → f∞ uniformly over Ki → K∞.
In many applications, fi are equicontinuous. The Arzela-Ascoli theorem applies to the
case when the spaces are different. When (Mni , yi, ρi) → (M∞, y∞, ρ∞) in the Gromov-
Hausdorff topology, any bounded, equicontinuous sequence of functions fi has a subse-
quence converging uniformly to some f∞ on M∞.
As in section 9 of [3], we have the following definition.
Definition 5. If νi, ν∞ are Borel regular measures on Mni , M∞, we say that (Mni , yi, ρi, νi)
converges to (M∞, y∞, ρ∞, ν∞) in the measured Gromov-Hausdorff sense, if (Mni , yi, ρi, νi) →
(M∞, y∞, ρ∞, ν∞) in the Gromov-Hausdorff topology and for any xi → x∞ (xi ∈ Mi, x∞ ∈
M∞), r > 0, νi(B(xi, r)) → ν∞(B(x∞, r)).
For any sequence of manifolds with Ricci curvature lower bound, after suitable renor-
malization of the volume, there is a subsequence converging in the measured Gromov-
Hausdorff sense. If the volume is noncollapsed, ν∞ is just the n-dimensional Hausdorff
measure of M∞. See [5].
For a Lipschitz function f on M∞, define a norm || f ||21,2 = || f ||2L2 +
∫
M∞
|Lip f |2, where
Lip( f , x) = lim sup
y→x
| f (y) − f (x)|
d(x, y) .
In [3], a Sobolev space H1,2 is defined by taking the closure of the norm || · ||1,2 for Lipschitz
functions.
Condition (1): M∞ satisfies the volume doubling property if for any r > 0, x ∈ M∞,
ν∞(B(x, 2r)) ≤ 2nν∞(B(x, r)).
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Condition (2): M∞ satisfies the weak Poincare inequality if∫
B(x,r)
| f − f |2 ≤ C(n)r2
∫
B(x,2r)
|Lip f |2
for all Lipschitz functions. Here f is the average of f on B(x, r).
In theorem 6.7 of [7], it was proved that if M∞ satisfies the ν-rectifiability condition,
condition (1) and condition (2), then there is a unique differential d f for f ∈ H1,2. If
f is Lipschitz,
∫
|Lip f |2 =
∫
|d f |2. Moreover, the H1,2 norm becomes an inner product.
Therefore H1,2 is a Hilbert space. Then there exists a unique self-adjoint operator ∆ on M∞
such that ∫
M∞
< d f , dg >=
∫
M∞
< ∆ f , g >
for all Lipschitz functions on M∞ with compact support (Of course we can extend the
functions to Sobolev spaces). See theorem 6.25 of [7].
If Mi → M∞ in the measured Gromov-Hausdorff sense and that the Ricci curvature is
nonnegative for all Mi, then the ν-rectifiability of M∞ was proved in theorem 5.5 in [7]. By
the volume comparison, Condition (1) obviously holds for M∞. Condition (2) also holds.
See [51] for a proof.
In [23][51], the following lemma was proved:
Lemma 1. Suppose Mi has nonnegative Ricci curvature and Mi → M∞ in the measured
Gromov-Hausdorff sense. Let fi be Lipschitz functions on B(xi, 2r) ⊂ Mi satisfying ∆ fi =
0; | fi| ≤ L, |∇ fi| ≤ L for some constant L. Assume xi → x∞, fi → f∞ on M∞. Then ∆ f∞ = 0
on B(x∞, r).
Definition 6. Let M be a complete Ka¨hler manifold and f ∈ O(M). The order at infinity
is defined by lim
r→∞
log M f (r)
log r , where r is the distance to a fixed point p on M, M f (r) is the
maximal modulus of f on B(p, r).
By corollary 3, if M have nonnegative holomorphic sectional curvature and f ∈ O(M)
with order d at infinity, then f ∈ Od(M). Now we can state the main result in this section:
Theorem 8. Let Mn be a complete noncompact Ka¨hler manifold with nonnegative bisec-
tional curvature, p ∈ M, r(x) = d(x, p). Let f ∈ Od(M) and suppose d is the order
at infinity. Then given any K > 1, ǫ > 0, there exists R > 0 such that for any r > R,
x ∈ B(p, Kr)\B(p, r), any point y on the minimal geodesic connecting p and x, we have
| f (y)(r(x))d − f (x)(r(y))d| ≤ ǫM f (r)rd.
In particular, if | f (x)| ≥ δM f (r),
| f (y)f (x) − (
r(y)
r(x) )
d| ≤ ǫ
δ
.
Remark. This theorem might be related with Yau’s celebrated conjecture on the finite
generation on holomorphic functions with polynomial growth. See page 3 − 4 for the
explanation.
Corollary 8. Let Mn be a complete Ka¨hler manifold with nonnegative bisectional curva-
ture. Suppose M is of maximal volume growth and f ∈ Od(M). Here d > 0 and d is
the order at infinity. Consider any tangent cone C at infinity, say ds2C = dr2 + r2dΣ for
r ∈ [0,∞), where Σ is a (2n−1)-dimensional metric measured space. Then for any positive
integer i, αi = di(2n+di−1) is an eigenvalue for the Laplacian operator on Σ with respect
to the (2n − 1)-dimensional Hausdorff measure.
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Proof. Take gi = f i for i ∈ N. The proof follows from (12) and Claim 1 below. 
Remark. There is a conjecture of Ni [45] stating that if M has nonnegative bisectional
curvature and maximal volume growth, then there exists a nontrivial holomorphic function
with polynomial growth on M. In view of the corollary, it is possible that the tangent cone
of a Ka¨hler manifold M is unique, if M has nonnegative bisectional curvature and maximal
volume growth. In the Riemannian case, when the Ricci curvature is nonnegative and the
manifold has maximal volume growth, the tangent cone is not unique in general. Perelman
constructed the first example. Moreover, different tangent cones may not be isospectral,
see example 11.4 in [12] .
Remark. There are “many” points q in B(p, Kr)\B(p, r) satisfying | f (q)| > δM f (r). In
fact, any geodesic ball with radius δ 1d Kr contains such points. Here we are using corollary
1.
Remark. We can weaken the condition in theorem 8 by assuming M has nonnegative Ricci
curvature and nonnegative holomorphic sectional curvature, if M has maximal volume
growth.
Remark. In theorem 8, we cannot make R uniform for all holomorphic functions with
polynomial growth. To see this, just consider ft(z) = zn + tzn−1 on C.
Remark. In remark 1, we compared the volume comparison theorem with the three circle
theorem. When a manifold has nonnegative Ricci curvature and maximal volume growth,
near infinity, the sharp relative volume comparison almost holds. This explains in some
sense why the almost-warped product theorem of Cheeger and Colding [4] should hold.
Now assume M has nonnegative holomorphic sectional curvature and f ∈ Od(M) (say
d > 0 is the order at infinity). Then for any k > 1, by the three circle theorem, M f (kr)M f (r)
is monotonic increasing and lim
r→∞
M f (kr)
M f (r) = k
d
. Therefore the equality for the three circle
theorem almost holds. We should a have result stating the behavior of f at infinity, just like
the almost-warped product theorem of Cheeger and Colding. In theorem 8, we used the
tangent cone at infinity, which requires the nonnegativity of the Ricci curvature.
Proof. First we consider the case when the universal cover ˜M does not split as a product
of two Ka¨helr manifolds. By the main theorem in [42], M is of maximal volume growth.
Assume there exist K > 1, ǫ0 > 0; a sequence ri → ∞; xi ∈ B(p, Kri)\B(p, ri); yi on a
minimal geodesic connecting p and xi so that
(8) | f (yi)(r(xi))d − f (xi)(r(yi))d| ≥ ǫ0M f (ri)rdi .
By the almost warped-product theorem of Cheeger and Colding [4], there exists a sub-
sequence of ri which we still call ri, such that the rescaled metrics (M, r−2i g, p) pointed
converge to a metric cone C(Σ) = (Σ ×r2 R+, g∞, p∞) in the Gromov-Hausdorff topol-
ogy. Here Σ is a compact metric measured space with Hausdorff dimension n − 1. Define
gi = r−2i g. By the discussion in the beginning of this section, there is a Laplacian operator
on C(Σ). Define a rescaled function
(9) fi(x) = f (x)M f (ri) .
Then sup | fi(x)| = 1 for x ∈ B(p, ri). According to corollary 1,
| fi(x)| ≤ (2k)d
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on B(p, 2kri). Here k > 1. By Cheng-Yau’s gradient estimate [21],
|∇gi fi(x)| ≤ a(n)kd−1
on B(p, kri). Here a(n) is a constant depending only on n. Thus there exists a subsequence
of fi converging to f∞ uniformly on each compact set of the metric cone C(Σ).
By theorem 2, for any k > 1, M f (kr)M f (r) is monotonic increasing. Since d = limr→∞
log M f (r)
log r ,
lim
r→∞
M f (kr)
M f (r) = k
d.
Let M f∞ (r) be the maximal modulus of f∞ on B(p∞, r). Then for any r1 > r2 > 0,
M f∞ (r1)
M f∞ (r2)
= lim
i→∞
M f (r1ri)
M f (r2ri) =
rd1
rd2
.
Since M f∞ (1) = 1,
(10) M f∞ (r) = rd.
fi are harmonic functions. By Lemma 1, f∞ is harmonic on C(Σ). Also it is of polyno-
mial growth.
It is easy to see that the (n−1) dimensional Hausdorffmeasure on Σ satisfies the volume
doubling property and the weak Poincare inequality. See lemma 4.3 in [23] for a proof.
Also, one can directly check that Σ is ν-rectifiable. Therefore, we have a Laplacian operator
on Σ.
On the metric cone C(Σ), there is a decomposition formula (see [24][23]).
(11) ∆u = −∂
2u
∂r2
− n − 1
r
∂u
∂r
+
1
r2
∆Σu.
Therefore, if φi is the i-th eigenfunction of ∆Σ with eigenvalue λi, then rαiφi(x) is harmonic.
Here
(12) λi = αi(n + αi − 2).
We normalize so that ||φi||L2(Σ) = 1. For any harmonic function (complex function) u on X,
we can write (see [2][24])
(13) u =
∞∑
i=0
cir
αiφi.
Here ci are complex constants. Define I(r) = 1Vol(∂B(p∞ ,r))
∫
∂B(p∞,r) |u|
2
. Then
I(r) =
∞∑
i=0
|ci|2r2αi .
This implies that if u is of polynomial growth on C(Σ), there are only finitely many terms
in (13).
Claim 1. f∞ = rdφ for some φ on Σ with ∆Σφ = d(n + d − 2)φ.
Proof. Since f∞ is harmonic, by (13) and (10), if r → 0, we find αi ≥ d for all i. If r → ∞,
we find αi ≤ d for all i. 
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According to our assumption of xi and yi, there exists a subsequence such that xi →
x∞, yi → y∞ with x∞, y∞ ∈ B(p∞, K); cx∞ = y∞ for some constant c between 0 and 1. The
multiplication is for the factor R+ on the metric cone C(Σ). By Claim 1,
f∞(x∞)(r(y∞))d = f∞(y∞)(r(x∞))d.
By (9), for large i,
| f (xi)(r(yi))d − f (yi)(r(xi))d| < ǫ02 r
d
i M f (ri).
This contradicts (8).
Next we consider the case when the universal cover of M has splitting factors. Assume
˜M = ΠiMi × Π jN j where Mi, N j do not have splitting factors; M j has nonconstant holo-
morphic functions with polynomial growth; N j does not admit nonconstant holomorphic
functions with polynomial growth. Let M′ = ΠiMi, N′ = Π jN j. Since each factor of M′
has maximal volume growth, M′ has maximal volume growth condition. Therefore M′
satisfies theorem 8.
Suppose theorem 8 does not hold on ˜M for some sequence ri → ∞. Then there exist
ǫ0 > 0; K > 1; f ∈ Od( ˜M) where d is the order at infinity; xi ∈ B(p, Kri)\B(p, ri) of ˜M; yi
lies on the minimal geodesic connecting p and xi so that
(14) | f (yi)(r(xi))d − f (xi)(r(yi))d| ≥ ǫ0M f (ri)rdi .
Note that f is constant on N′. We can project p, xi, yi to M′, say the images are p′, x′i , y′i .
Then y′i lies on the minimal geodesic connecting p′ and x′i . For x′ ∈ M′, define r(x′) =
d(p′, x′). Let f ′ be the restriction of f on M′, M f ′ (r) be the maximal modulus of f ′ on
B(p′, r) in M′.
Claim 2. For sufficiently large i, r(x′i ) ≥ (ǫ0)
1
d ri4K .
Proof. Observe f (xi) = f (x′i ); f (yi) = f (y′i ); M f (r) = M f ′ (r) for all r > 0. Let δ = (ǫ0)
1
d 14K .
By the three circle theorem, M f ′ (r)M f ′ (δr) is monotonic increasing, and
lim
r→∞
M f ′ (r)
M f ′ (δr) =
1
δd
.
Then there exists R such that when r > R, M f ′ (r)M f ′ (δr) >
1
2δd . For sufficiently large i, ri > R.
Therefore
M f ′ (δri) < 2δd M f ′ (ri).
Suppose r(x′i) < δri for some large i. Therefore x′i , y′i ∈ B(p′, δri) and
| f (x′i)|, | f (y′i)| ≤ M f ′ (δri) < 2δd M f ′ (ri) = 2δd M f (ri).
Plugging this in (14), we find a contradiction. 
A subsequence of x′i , y′i in (M′, r−2i g, νVol(B(p′ ,ri)) ) converge to some x′∞, y′∞. By Claim 2,
x′∞ is away from the pole. Also
r(xi)
r(x′i ) =
r(yi)
r(y′i ) ≤
K
(ǫ0)
1
d 14K
. By (14),
(15) | f (y′i)(r(x′i))d − f (x′i )(r(y′i))d| ≥ ǫ0 M(ri)rdi · ((ǫ0)
1
d
1
4K2
)d = ǫ
2
0
4dK2d
M f ′ (ri)rdi .
By a limit argument as before, we find (15) contradicts that M′ satisfies theorem 8.
Finally, to show theorem 8 holds for M, it suffices to lift the minimal geodesic connecting
p and x to ˜M.

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4. A Liouville type theorem for plurisubharmonic functions
The classical Liouville theorem states that any bounded (or even just positive) harmonic
function is constant on Euclidean space. In [52], Yau extended the classical Liouville the-
orem to complete Riemannian manifolds with nonnegative Ricci curvature. It was further
shown by Cheng and Yau [21] that any harmonic function with sublinear growth on a
complete Riemannian manifold with nonnegative Ricci curvature must be constant.
In the Ka¨hler category, it is easy to see that any non-constant plurisubharmonic func-
tion in Cn grows faster than logarithmic function. In [46], Ni showed that on a complete
Ka¨hler manifold Mn with nonnegative Ricci curvature, any plurisubharmonic function f
with sublogarithmic growth has (∂∂ f )n = 0. In [47], Ni and Tam proved that any plurisub-
harmonic function is constant, provided it is of sublogarithmic growth and the manifold
has nonnegative bisectional curvature. Their method combines the heat flow and a result
in [46]. We show this Liouville type theorem still holds when the holomorphic sectional
curvature is nonnegative.
Theorem 9. Let Mn be a complete noncompact Ka¨hler manifold with nonnegative holo-
morphic sectional curvature. Let p ∈ M and r(x) = dist(x, p). Assume u is a function on
M satisfying lim
r→∞
u+(x)
log r = 0. Here u
+(x) = max(u(x), 0).
• If u be a plurisubharmonic function(not necessarily continuous) on M, then u is a
constant.
• If u is smooth satisfying uiu juklgilgk j ≥ 0, then u is a constant. This condition
means the complex Hessian of u is nonnegative along the gradient of u.
Remark. If we define M(r) = max
r(x)≤r
u+(x) and assume lim
r→∞
M(r)
log r = 0, then theorem 9 still
holds. In fact, theorem 9 holds even we assume that the holomorphic sectional curvature
is asymptotically nonnegative. See corollary 10.
Proof. Let A = sup
Bp(1)
u(x). Given any ǫ > 0, 1 > ǫ1 > 0, define
fǫ1 (x) = A + ǫ log
r − ǫ1
1 − ǫ1
; h(x) = u(x) − fǫ1 (x).
Assume h(x) achieves the maximum inside the annulus B(p,R)−B(p, 1), say at q. Consider
the small holomorphic disk D centered at q such that TqD is spanned by ∂∂r and J
∂
∂r
. By
theorem 7,
h11 > 0
where e1 = 1√2 (∇r − J∇r). Then for small a > 0,
h(q) < 1
πa2
∫
D(q,a)
h(x)dx ∧ dy.
Here D(q, a) is the holomorphic disk in D with radius a; x + iy is the complex coordinate
on D. This contradicts the assumption that h has the maximum at q. If q is on the cut locus
of p, we can apply Calabi’s trick as before. The details are omitted. Note that h(x) ≤ 0
for x ∈ ∂B(p, 1)⋃∂B(p,R) for large R. Therefore, on B(p,R) − B(p, 1), h ≤ 0. Letting
R → ∞, ǫ → 0 and ǫ1 → 0, we obtain
u(x) ≤ A.
Since A is the maximum of u(x) in B(p, 1), maximum principle says u(x) ≡ A.
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Now consider the case when uiu juklgilgk j ≥ 0. Let A = inf u on M (here A could be
−∞). Consider a decreasing sequence ai → A. We pick xi ∈ M such that u(xi) ≤ ai. Let
bi = ai + 1i , then there exists δi > 0 such that u(x) ≤ bi for x ∈ B(xi, δi). Define
fi(x) = bi + ǫ log dist(xi, x)
δi
(Here ǫ is a small positive constant). Then u(x) ≤ fi(x) for x ∈ ∂B(xi, δi) and x ∈ ∂B(xi,R)
for R sufficiently large. If u − fi(x) achieves the maximum at q in the interior part of
B(xi,R) − B(xi, δ), then
∇u(q) = ∇ fi(q) = C∇dist(xi, x)|x=q.
If q is on the cut locus of xi, we apply Calabi’s trick. By maximum principle as before,
fi(x) ≥ u(x)
for x ∈ M − B(xi, δi). Let ǫ → 0 and then i → ∞, we find that
u(x) ≤ A.
Since A = inf u, u ≡ A.

5. Sharp dimension estimate on bundles
Definition 7. Let E be a Hermitian holomorphic vector bundle on a Ka¨hler manifold M.
We say E is nonnegative (nonpositive) in the sense of Griffith if Θ(F)(ξ ⊗ v) ≥ 0 (≤ 0) for
all nonzero indecomposable tensor ξ ⊗ v ∈ T M ⊗ F. Here Θ is the curvature of the Chern
connection of E, F is the fibre of E.
Definition 8. Let E be a Hermitian holomorphic vector bundle over a Ka¨hler manifold
M. Let OM(E) be holomorphic sections on E. For any d ≥ 0, define Od(M, E) = { f ∈
OM(E)| lim
r→∞
| f (x)|
rd
< ∞}. Here r is the distance from a fixed point on M. If f ∈ Od(M, E), we
say f is of polynomial growth with order d.
Theorem 10. Let Mn be a complete noncompact Ka¨hler manifold with nonnegative holo-
morphic sectional curvature. If Em is a Hermitian holomorphic vector bundle of rank m
over M such that E is nonpositive in the sense of Griffith, then for any d > 0,
(16) dim(Od(M, E)) ≤ dim(Od(Cn, E′))
where E′ is the trivial flat holomorphic vector bundle of rank m over Cn. If the equality
holds for some integer d ≥ 1, (M, E) is biholomorphic and isometric to (Cn, E′).
Remark. This type of theorem was proved by Ni [45] when E is a nonpositive line bundle
and M has nonnegative bisectional curvature.
Proof. For any holomorphic section f ∈ OM(E), the Poincare-Lelong equation says√
−1
2π ∂∂ log | f |
2
= −Θ(L f ).
Here L f is the line bundle induced by the section f at the points where f , 0, Θ(L f ) is the
curvature form of L f . It is well known that the curvature of a Hermitian subbundle is no
greater than the curvature of the ambient bundle [27]. Therefore,
√
−1
2π
∂∂ log | f |2 ≥ 0
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when f , 0. In particular,
∆(| f |2) ≥ 0,
thus | f |2 cannot assume the maximum in the interior part of a domain unless it is a constant.
By similar arguments in the proof of theorem 2, we obtain the three circle theorem for
| f |. Then corollary 1 and corollary 6 hold. This proves the sharp dimension estimate.
Now we turn to the rigidity. Fix a point p ∈ M. Let e1, e2, ...em be a local holomorphic
basis for E with ∇ei = 0 at p for i = 1, 2, ...m. Consider a holomorphic chart (U, z1, z2, ...zn)
containing p. To show M is flat and E is a flat bundle over M, it suffices to show R1111 = 0
andΘ11(e1, e1) = 0 at p (since the frame is arbitrary). HereΘ is the curvature of E. Assume
the equality holds in (16) for some positive integer d. There exists f ∈ Od(M, E) such that
f (z1, z2, · · ·, zn) = zd1e1 +
m∑
i=1
O(rd+1)ei.
Similar to the proof of rigidity of theorem 5, we get that
M f (r)
rd
≡ Constant.
Here M f (r) = max| f (x)|, x ∈ B(p, r). Then by similar arguments in the proof of theorem 2
(note that the Poincare-Lelong equation gives the curvature), we find that
RYJYJYY = 0;Θαα(L f )( f (x), f (x)) = 0
at the points on ∂B(p, r) where | f (x)| takes the maximum. Here Y = ∇r, α = 12 (Y−
√
−1JY).
Since
0 ≥ Θαα( f (x), f (x)) ≥ Θαα(L f )( f (x), f (x)) = 0,
Θαα( f (x), f (x)) = 0.
Letting r → 0, we find
R1111 = 0;Θ11(e1, e1) = 0
at p. Therefore both M and E are flat. By looking at the pull back bundle of the covering
map Cn → M and counting dimensions, we find that M is isometric and biholomorphic to
C
n
.

6. Holomorphic maps between certain noncompact Ka¨hler manifolds
Given a complex analytic space X, the Douady space [25] parametrizes all pure dimen-
sional compact analytic subspace of X. When X is projective, the Douady space is exactly
the Hilbert Scheme of X, as constructed by A. Grothendieck [28]. The Douady space has
a natural complex structure.
Below we focus on the set H of holomorphic maps from a complex manifold M to a
complex manifold N. If M is compact, H is an open set of the Douady space of M × N
[25]. Thus H a complex analytic space with locally finite dimension.
When M is noncompact, the situation is more complicated. H might have infinite di-
mension even locally. For example, the space of holomorphic maps from Cm to Cn has
infinite dimension. However, if we impose a polynomial growth condition, then the di-
mension is finite. Even with the growth condition, we have to impose some geometric
conditions on M and N to ensure that finiteness of the dimension.
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Definition 9. Let Nn be complex manifolds. Let o be a point in Cm and k be a positive
integer. For any local holomorphic map f from U ∋ o to N, define the k-jet of the map f
as ( f (o), d f (o), d2 f (o), · · ·, dk f (o)). Here dk f (o) are the partial derivatives with order k in
some holomorphic chart containing f (o). Define JkmN = {( f (o), d f (o), d2 f (o), · · ·, dk f (o))}
for all holomorphic maps f from a neighorbood of o to N. Then it is easy to check that
JkmN is a complex manifold.
Definition 10. Let M and N be complete complex manifolds. Let o be a point on M and
define r(x) = distM(o, x). We say a holomorphic map f from M to N is of polynomial
growth with order k, denoted by f ∈ Ok(M, N), if
(17) lim
r→∞
distN( f (o), f (x))
rk
< ∞.
We put the compact open topology on Ok(M, N).
The main result in this section is the following:
Theorem 11. Let Mm be a complete Ka¨hler manifold with nonnegative holomorphic sec-
tional curvature and Nn be a simply connected Ka¨hler manifold with nonpositive sectional
curvature. Let o be a fixed point on M and define r(x) = distM(o, x). For any k ≥ 1, let
Hk = Ok(M, N). Then the jet map ι: Hk → J[k]m N defined by ι( f ) = ( f (o), d f (o), d2 f (o), · ·
·, d[k] f (o)) is an embedding. Now assume k is a positive integer. Then ι is a homeomor-
phism if and only if Mm, Nn are isometric and biholomorphic to complex Euclidean spaces.
Remark. It is highly possible that the image of Hk in J[k]m N is a complex analytic subspace.
Proof. We first introduce the following proposition:
Proposition 1. Let K be a compact set in J[k]m N. Define Hk,K = ι−1(K). Then Hk,K is
compact.
Proof. For notational convenience, let d( f (x), f (o)) = distN( f (x), f (o)).
Lemma 2. log d( f (o), f (x)) is plurisubharmonic.
Proof. Consider a unitary frame ei at x and a holomorphic chart (V,w1, · · ·,wn) containing
f (x) such that ∂
∂wα
= eα has unit length at f (x).
(18)
(log d( f (o), f (x)))ii = (
dααi
d )i
=
dαββiαi
d +
dααii
d − |
dααi
d |
2
≥ 0.
Here we have used the Hessian comparison theorem dαβ ≥ 12d δαβ; αii = 0 ; |dα| ≤ 1√2 . 
Let M( f , r) be the maximum of d( f (o), f (x)) for x ∈ B(o, r). By lemma 2 and similar
arguments as before, we have
Claim 3. M( f ,r)
rk
is nonincreasing.
Consider a sequence f j ∈ Hk,K . We may assume f j(o) → p ∈ N. Consider a small
holomorphic chart U(o, z1, z2, ...zm) in M such that for x = (z1, ..., zm) ∈ U,
(19) 1
2
√
m∑
i=1
|zi|2 ≤ |x| = dist(o, x) ≤ 2
√
m∑
i=1
|zi|2.
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By scaling the metric on M, we may assume U contains the points z = (z1, z2, ...., zm)
where |z| =
√
m∑
i=1
|zi|2 ≤ 1.
Case 1: There exist δ > 0, M > 0 and a subsequence f js so that dist( f js (o), f js(x)) ≤ M
for all x ∈ B(o, δ). By claim 3, for any r ≥ δ,
M( f js , r) ≤ rk
M
δk
.
Since N is simply connected with nonpositive sectional curvature, N is a Stein manifold.
Therefore N could be properly holomorphically embedded in C2n+1. Then there exist uni-
form bounds of the derivatives of f js in each compact set of M. Thus there exists a subse-
quence of f js converging to some f ∈ Hk,K .
Case 2: Case 1 does not hold. Then for large j, there exists δ j → 0 satisfying
M( f j(δ jz), |z| ≤ 14 ) = 1.
Here z is in U, δz = δ · (z1, · · ·, zm) = (δz1, · · ·, δzm). Define g j(z) = f j(δ jz). Note g j is only
defined on U.
Lemma 3. For 13 ≥ r1 ≥ r2 > 0,
M(g j ,|z|≤r1)
4krk1
≤ M(g j ,|z|≤r2)
rk2
.
Proof. We have
(20)
M(g j, |z| ≤ r1)
2kδkjr
k
1
=
M( f j(δ jz), |z| ≤ r1)
2kδkjr
k
1
≤ M( f j, 2δ jr1)(2δ jr1)k
≤ M( f j,
1
2δ jr2)
( 12δ jr2)k
≤ M( f j(δ jz), |z| ≤ r2)( 12δ jr2)k
=
M(g j, |z| ≤ r2)
( 12 )kδkjrk2
.
In the middle, we have used claim 3 and (19). 
Now g j(0) → p and M(g j, |z| ≤ 14 ) = 1. By lemma 3, M(g j, |z| ≤ 13 ) is uniformly
bounded. Then we can find a subsequence such that g j → g uniformly for |z| ≤ 14 . Thus g
is not a constant map. Uniform convergence and lemma 3 imply the following:
Lemma 4. For 14 ≥ r1 ≥ r2 > 0,
M(g,|z|≤r1)
4krk1
≤ M(g,|z|≤r2)
rk2
.
Since K is compact in J[k]m N, the partial derivatives of f j at o are uniformly bounded
up to order [k]. As δ j → 0, the partial derivatives of g j at o converge to 0 up to order
[k]. Therefore, the partial derivatives of g at o vanish up to order [k]. Combining this with
lemma 4, we find g to be a constant map (let r2 → 0 in lemma 4). This is a contradiction.
Thus Case 2 cannot happen! This completes the proof of proposition 1. 
Lemma 5. Let Mm be a complete Ka¨hler manifold and Nn be a simply connected Ka¨hler
manifold with nonpositive sectional curvature. Let f , g be holomorphic maps from M to N.
Then log d( f (x), g(x)) is a plurisubharmonic function on M.
20 GANG LIU
Proof. We may assume that at a point x, f (x) , g(x). Let γ be the geodesic connecting f (x)
and g(x) and eα (α = 1, 2, ..., 2n) be a parallel orthonormal frame on γ. Let e1 be tangential
to the γ. We also assume Je2s−1 = e2s for s = 1, 2, ..., n. Define hs = 1√2 (e2s−1 −
√
−1e2s).
Near x ∈ M, consider a normal coordinate (U, z1, ..., zm).
(21)
∂2 log d( f (x), g(x))
∂z j∂z j
= ( (d( f (x), g(x))) jd( f (x), g(x)) ) j
=
(d( f (x), g(x)) j j
d( f (x), g(x)) − |
(d( f (x), g(x))) j
d( f (x), g(x)) |
2.
We need the second variation of arc length. For completeness, we include the calcula-
tions. Let F(λ, t) : [0, 1] × (−ǫ, ǫ) → N be a smooth map. Set X = F∗ ∂∂λ . We assume that
for fixed t, F(λ, t) is a geodesic in N and ∇X X = 0. For each t, let L(t) be the arc length
1∫
0
√〈X, X〉dλ. To simplify the notation, we write t = ∂
∂t . First variation at t = 0:
(22)
dL(t)
dt =
1∫
0
〈∇tX, X〉√〈X, X〉dλ
=
1∫
0
〈∇X t, X〉√〈X, X〉dλ
=
〈t, X〉
L(0) |
λ=1
λ=0.
Second variation at t = 0:
(23)
d2L(t)
dt2
=
d
dt (
1∫
0
〈∇X t, X〉√〈X, X〉dλ)
=
1∫
0
〈∇t∇X t, X〉 + |∇X t|2√〈X, X〉 −
|〈∇Xt, X〉|2
〈X, X〉 32
dλ
=
1∫
0
RtXtX + 〈∇X∇tt, X〉 + |∇⊥X t|2√〈X, X〉 dλ
≥
1∫
0
|∇⊥X t|2dλ + 〈∇tt, X〉|λ=1λ=0
L(0) .
Here ⊥ is the projection orthogonal to X.
Let γ1, γ2 be two normal geodesics on M starting from x, with initial tangent vectors
Re ∂
∂zi
and Im ∂
∂zi
. Let F1(λ, t), F2(λ, t) be two maps satisfying the properties of F(λ, t) above.
The boundary conditions are F j(0, t) = f (γ j(t)), F j(1, t) = g(γ j(t)), j = 1, 2. Let L j be the
length function for F j.
Lemma 6. ∇t1 t1 + ∇t2 t2 = 0 for λ = 0 or λ = 1. Here t j = ∂∂t j , j = 1, 2.
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Proof. For λ = 0, ∇t1 t1 + ∇t2 t2 = ∇ f∗ ∂∂zi f∗
∂
∂zi
= 0, since f is holomorphic. Similarly, the
result holds for λ = 1. 
Let
f∗ ∂
∂zi
=
m∑
s=1
(as(e2s−1 −
√
−1e2s) + bs(e2s +
√
−1e2s−1));
g∗
∂
∂zi
=
m∑
s=1
cs(e2s−1 −
√
−1e2s) + ds(e2s +
√
−1e2s−1)).
Also let
∂
∂t1
|t1=0 =
m∑
s=1
(use2s−1 + vse2s); ∂
∂t2
|t2=0 =
m∑
s=1
(u˜se2s−1 + v˜se2s).
Note that
v1(0) = b1, v˜1(0) = −a1, v1(1) = d1, v˜1(1) = −c1.
By (23) and Lemma 6,
(24)
d2L1(t1)
dt21
+
d2L2(t2)
dt2 ≥
1∫
0
|v′1(λ)|2 + |v˜′1(λ)|2 +
m∑
s=2
(|u′s(λ)|2 + |v′s(λ)|2 + |u˜′s(λ)|2 + |v˜′s(λ)|2)dλ
L(0)
≥
1∫
0
(|v′1(λ)|2 + |v˜′1(λ)|2)dλ
L(0)
≥ (b1 − d1)
2
+ (a1 − c1)2
L(0) .
In the last step, we used the Cauchy-Schwarz inequality. By (22),
dL1(t)
dt = c1 − a1,
dL2(t)
dt = b1 − d1.
The lemma follows if we plug these (21). 
It is clear ι is a continuous map. Let f , g ∈ Hk. Set M(r) = max d( f (x), g(x)) for
x ∈ B(o, r). Then there exists a constant C1 > 0 such that M(r) ≤ C1rk for r sufficiently
large. Lemma 5 and previous arguments imply that
Lemma 7. M(r)
rk
is nonincreasing.
If ι( f ) = ι(g), there exists a constant C such that M(r) ≤ Cr1+[k] for all small r. Letting
r → 0, we find f = g. This proves that ι : Hk → J[k]m N is injective.
To show that ι−1 : ι(Hk) → Hk is a continuous map, we consider a sequence si → s in
ι(Hk). It suffices to show ι−1(si) → ι−1s. Since ι is injective, we only need to show that a
subsequence of ι−1(si) converges. This is a direct consequence of proposition 1. Therefore
ι is an embedding.
Now assume k is a positive integer and ι is a homeomorphism. Let f , g ∈ Hk. By lemma
7,
(25) d( f (x), g(x)) ≤ Ark
22 GANG LIU
for all r ≥ 1. Here A = max
r≤1
d( f (x), g(x)). Consider a sequence of holomorphic maps
fi ∈ Hk converging to f uniformly in each compact set of M, then
Ai = max
r≤1
d( fi(x), f (x)) → 0
as i → ∞. After taking a subsequence, the limit of the “difference” between fi and f ,
with a suitable normalization, will be a holomorphic section Γ ∈ f ∗T 1,0N. By (25), Γ ∈
Ok(M, f ∗T 1,0N). Since N has nonpositive sectional curvature, f ∗T 1,0N will be nonpositive
in the sense of Griffith. By theorem 10,
(26) dim(Ok(M, f ∗T 1,0N)) ≤ dim(Ok(Cm, E)) = dim(JkmN).
Here E is the trivial flat bundle on Cm with rank n.
Let f0 be a constant map, say f0(M) = q ∈ N. Since ι is a homeomorphism, by looking
at sequences of functions fi → f0, we can show that (26) is an equality (The k-jet image of
Γ at o can be identified with the tangent space of JkmN at ι( f0)). The rigidity of theorem 10
says M is isometric and biholomorphic to Cm.
Next we show N is flat. Consider q ∈ N, X ∈ TqN. Choose a holomorphic coordinate
V(w1,w2, · · ·,wn) around q such that ∂∂w1 = X −
√
−1JX. Let o be the origin of M = Cm.
By the assumption that ι is a homeomorphism, we can find f ∈ Hk so that
f (z1, z2, · · ·, zm) = (zk1 + O(rk+1),O(rk+1), · · ·,O(rk+1)) ∈ V.
Recall M( f , r) = max d( f (x), f (o)) for x ∈ B(o, r). Arguments similar to corollary 1 and
corollary 6 imply that M( f ,r)
rk
is constant. By checking the equality case in lemma 2, we
find RNXJXJXX = 0. This means N is flat. Since N is simply connected, N is isometric and
biholomorphic to Cn. The proof of theorem 11 is complete.

7. Hadamard Three Circle Theorem, General Case
We introduce the three circle theorem when the holomorphic sectional curvature has a
lower bound.
Theorem 12. Let Mn be a complete noncompact Ka¨hler manifold, p ∈ M. Let r(x) =
dist(p, x), e1 = 1√2 (∇r −
√
−1J∇r). Suppose there exists a continuous function g(r) such
that the holomorphic sectional curvature satisfies R1111 ≥ g(r) for all r ≥ 0. Let u(r) ∈
C1(0,∞) satisfy
u′ + 2u2 + g
2
≥ 0
and lim
r→0+
2u(r)r = 1. Suppose h(r) ∈ C1(0,∞) satisfies
• lim
r→0+
eh(r)
r
= 1;
• h′(r) > 0;
• 12 h′′ + h′u(r) ≤ 0.
Then for any f ∈ O(M), log M f (r) is convex in terms of h(r). In particular, if f ∈ O(M)
vanishes at p with order d, M f (r)
edh(r) is nondecreasing.
Remark. When g(r) = 0, we can take u(r) = 12r , h(r) = log r. This recovers the three circle
theorem when the holomorphic sectional curvature is nonnegative. It is also possible to
generalize theorem 12 to Hermitian holomorphic vector bundle cases.
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Remark. Theorem 12 is sharp in general. One can consider the unitary symmetric metric
on Cn or the unit ball in Cn with the prescribed holomorphic sectional curvature in the
radial direction. Then any homogeneous polynomial holomorphic function satisfies the
equality.
Proof. The argument is similar to theorem 2. We only prove the monotonicity formula
here. According to the assumption, r11 ≤ u(r). Let 0 < r1 ≤ r2. For small ǫ > 0, define
Fǫ(x) = log | f (x)| − log M f (r2) − (d − ǫ)(h(r) − h(r2)).
Then Fǫ(x) ≤ 0 for r(x) = r2 or r < δ where δ < r1 is very small. Also define the
perturbation function
hǫ1 = log(eh − ǫ1).
Then
(hǫ1)11 < 0.
Write
Fǫ,ǫ1(x) = log | f (x)| − log M f (r2) − (d − ǫ)(hǫ1(r) − hǫ1 (r2)).
Here ǫ1 << δ so that Fǫ,ǫ1(x) ≤ 0 for r = δ. We apply the maximum principle for Fǫ,ǫ1 on
B(p, r2) − B(p, δ). If the maximum point qǫ1 is in the interior part and not on the cut locus
of p, (Fǫ,ǫ1)11(qǫ1) ≤ 0. By direct computation, (Fǫ,ǫ1)11 > 0. This is a contradiction. If qǫ1
is on the cut locus of p, we employ Calabi’s trick. Namely, define rˆ = dist(p1, x) where
p1 is the point on the minimal geodesic connecting p and qǫ1 such that dist(p, p1) = ǫ2.
Define
Fǫ,ǫ1,ǫ2 (x) = log | f (x)| − log M f (r2) − (d − ǫ)(hǫ1(rˆ + ǫ2) − hǫ1(r2)) ≤ Fǫ,ǫ(x)
on B(p, r2) − B(p, δ). Here we used the triangle inequality and that h′ > 0. Moreover,
Fǫ,ǫ1,ǫ2(qǫ1) = Fǫ,ǫ1 (qǫ1). Therefore qǫ1 is the maximum of Fǫ,ǫ1,ǫ2 . Thus
(Fǫ,ǫ1,ǫ2)11 ≤ 0.
By continuity of the holomorphic sectional curvature, for fixed ǫ1 > 0, if ǫ2 is small enough,
(Fǫ,ǫ1,ǫ2)11 > 0
at qǫ1 . This is a contradiction. Then
Fǫ,ǫ1,ǫ2(x) ≤ 0
for δ ≤ r ≤ r2. Letting ǫ2 → 0, ǫ1 → 0, ǫ → 0 and putting r(x) = r1, we find
log M f (r1) − log M f (r2) − d(h(r1) − h(r2)) ≤ 0.
This is equivalent to
M f (r1)
eh(r1)d
≤ M f (r2)
eh(r2)d
.

Below are two corollaries of theorem 12:
Theorem 13. Let Mn be a complete noncompact Ka¨hler manifold such that the holomor-
phic sectional curvature is no less than −1. Let p ∈ M and r(x) = dist(p, x). Then for
f ∈ O(M), M f (r) is convex in terms of log er−1er+1 . In particular,
M f (r)
( er−1
er+1 )d
is nondecreasing
where d is the vanishing order of f at p.
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Theorem 14. Let M be a complete (compact) Ka¨hler manifold with holomorphic sectional
curvature no less than 1, p ∈ M. Let f be a holomorphic function defined on B(p, r0) ⊂ M.
Then M f (r) is convex in terms of log(tan r2 ). In particular, if f vanishes at p with order d,
M f (r)
(tan r2 )d
is nondecreasing.
8. Complete Ka¨hler manifolds with holomorphic sectional curvature asymptotically
nonnegative
In this section we apply theorem 12 to Ka¨hler manifolds with holomorphic sectional
curvature asymptotically nonnegative.
Theorem 15. Let Mn be a complete noncompact Ka¨hler manifold, p ∈ M, r(x) = dist(p, x).
Suppose there exist constants ǫ, A > 0 such that for any ei ∈ T 1,0x M with unit length,
Riiii ≥ − A(r+1)2+ǫ . Then there exists C = C(A, ǫ) > 0 such that for any positive integer d,
dim(Od(M)) ≤ Cdn.
Thus the power of d is sharp comparing with the complex Euclidean space. If d ≤ e −3Aǫ ,
dim(Od(M)) = 1. Finally, if d is a positive integer satisfying Aǫ ≤ 14d , then
dim(Od(M)) ≤ dim(Od(Cn)).
Remark. Theorem 15 is not true for ǫ ≤ 0. In this case, it is possible that the dimension
of bounded holomorphic functions is infinite. For example, on page 226 of [48], it was
remarked that on the unit disk, the metric ds2 = 1(1−|z|2)m dz ⊗ dz(m ≥ 3) has quadratic
holomorphic sectional curvature decay.
Remark. This theorem says the sharp dimension estimate is “stable” under the variation
of curvature (the topology might change). Also note that so far, there is no Riemannian
analogue of theorem 15. There, some extra topological conditions are required. For exam-
ple, see [50][49].
Proof. We may assume ǫ < 12 . Take u(r) = 12r + A(1+r)1+ǫ , then
2u2 + u′ − 1
2
A
(1 + r)2+ǫ ≤ 0.
Let h(r) be the solution to the equation 12 h′′ + h′u = 0 with limr→0+
eh(r)
r
= 1. Then
h′(r) = e
2A
ǫ(r+1)ǫ
r
e−
2A
ǫ .
Therefore,
(27) h(r) =
r∫
1
e
2A
ǫ(t+1)ǫ
t
e−
2A
ǫ dt +C ≥ e− 2Aǫ ln r +C
for r ≥ 1. By theorem 12, if f ∈ O(M) and f vanishes at p with order d, M f (r)
eh(r)d is nonde-
creasing. Thus
M f (R) ≥ eh(R)d lim
r→0
M f (r)
eh(r)d
≥ C1eCdRde−
2A
ǫ
.
Here C1 = lim
r→0
M f (r)
eh(r)d > 0. By a linear algebra argument,
dim(Od(M)) ≤ dim(Ode 2Aǫ (C
n)) = C(A, ǫ)dn.
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If d ≤ e −3Aǫ ,
dim(Od(M)) ≤ dim(Ode 2Aǫ (Cn)) ≤ dim(Oe −Aǫ (Cn)) = 1.
Finally, if A
ǫ
≤ 14d ≤ 14 , e
2A
ǫ d < d + 1. Therefore
dim(Od(M)) ≤ dim(Ode 2Aǫ (Cn)) = dim(Od(Cn)).

A similar argument yields
Corollary 9. Let Mn be a complete noncompact Ka¨hler manifold such that the holomor-
phic sectional curvature is nonnegative outside a compact set K. Let −a (a > 0) be the
lower bound of the holomorphic sectional curvature on M. Define λ = a(diam(K))2. Then
there exists a positive constant C depending only on λ such that for any positive integer d,
dim(Od(M)) ≤ Cdn.
Thus the power is sharp. If λ ≤ 12d for some positive integer d, we have the sharp dimension
estimate
dim(Od(M)) ≤ dim(Od(Cn)).
Finally, there exists a small number ǫ = ǫ(λ) > 0 such that
dim(Oǫ(M)) = 1.
Remark. The inequality dim(Od(M)) ≤ dim(Od(Cn)) does not hold if we only assume M
has nonnegative holomorphic sectional curvature outside a compact set. One can easily
construct an example in complex one dimensional case (the rotationally symmetric case on
C).
Corollary 10. Theorem 9 is valid under the assumption of theorem 15.
Proof. We just replace log r by h(r) in the proof of theorem 9. Then everything works as
the same. 
Remark. We can also generalize theorem 10 and theorem 11 as in corollary 10.
Corollary 11. Under the same assumption as in theorem 15, any holomorphic map from
M to N must be a constant map. Here N is a complete simply connected Ka¨hler manifold
with nonpositive sectional curvature and that the sectional curvature satisfies sec ≤ − Kd2for all large d. Here d is the distance function to a point q on N, K is a positive constant.
Proof. The proof will be sketchy. Let f be a holomorphic map from M to N and q′ ∈ f (M).
From the comparison theorem, it is easy to construct a nonconstant bounded plurisub-
harmonic function g(x) = ρ(d′(x)) on N. Here d′(x) = d(q′, x). We obtain a bounded
plurisubharmonic function f ∗g on M. By corollary 10, f ∗g is a constant. Since q′ ∈ f (M),
f ∗g ≡ f (q′). As q′ is the unique minimum point of g, f (M) = q′.

9. Miscellaneous Results
Theorem 16. Let Mn be a complete noncompact Ka¨hler manifold with nonnegative holo-
morphic sectional curvature. Suppose the holomorphic sectional curvature is positive at
one point, then there exists ǫ > 0 depending only on M such that for any integer d ≥ 1,
dim(Od(M)) ≤ dim(O(1−ǫ)d(Cn)).
Remark. Similar results were proved by Chen, Fu, Le and Zhu [8].
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Proof. We can estimate h(r) in theorem 12. For large r, it turns out that h(r) ≥ (1+δ) log r+
C (here δ > 0,C are constants depending only on M). The details will be omitted. The
theorem follows from the standard linear algebra argument as before. 
Below we show that if the holomorphic sectional curvature is positive near infinity and
does not decay too fast, the dimension of holomorphic functions with exponential growth
is finite.
Definition 11. Let M be a complete noncompact Ka¨hler manifold and p ∈ M. Let r(x) =
dist(x, p). For any A > 0, d ≥ 1, define EA,d(M) = { f ∈ O(M)| lim
r→∞
| f (x)|
edr
A < ∞}. For
simplicity, we denote E1,d(M) by Ed(M).
Theorem 17. Let Mn be a complete noncompact Ka¨hler manifold and p ∈ M. Let
r(x) = dist(x, p). Suppose the holomorphic sectional curvature satisfies R1111 ≥ Cr2 for
all sufficiently large r. Here e1 = 1√2 (∇r−
√
−1J∇r); C is a constant satisfying 0 < C < 14 .
Let a > 14 satisfy 2a2 − a + C2 = 0. Define A = 1 − 2a. Then for any d ≥ 1,
(28) dim(EA,d(M)) ≤ C1dn,
here C1 is a constant depending only on M. Moreover, the power in (28) is sharp. Finally,
Od(M) ≡ constant for any d ≥ 0.
Proof. Recall
(29) 2r2
11
+
∂r11
∂r
+
1
2
R1111 ≤ 0.
Claim 4. Let a > 14 , b <
1
4 be the positive solutions to 2x
2 − x + C2 = 0 for 0 < C < 14 .
Then there exists a constant B > 0 depending only on M such that
r11 ≤
aBrk − b
r(Brk − 1)
for large r. Here k = 2a − 2b > 0.
Proof. It is easy to see a < 12 . Let g(r) = rr11. Then we can plug in (29) to find
(30) rg′ − g + 2g2 + C
2
= rg′ + 2(g − a)(g − b) ≤ 0
for r ≥ r0 (here r0 is a large number). We may assume g(r0) ≥ a, otherwise g(r) ≤ a for all
r ≥ r0 and the conclusion is obvious. Solving inequality (30), we find
(31) 1
a − b ln
g − a
g − b ≤ −2 ln r + B1.
Here B1 is a constant depending only on g(r0), r0, a, b. Let B = e−B1 , then a simplification
of (31) gives the claim. 
Let h(r) be the solution to 12 h′′ + h′ aBr
k−b
r(Brk−1) = 0 with limr→0
eh(r)
r
= 1. It is not hard to see
that for r very large,
(32) h(r) ≥ c1r1−2a + c2.
Here c1, c2 are constants and c1 > 0. By theorem 12, given any f ∈ O(M), if the vanishing
order at p is no less than d, M f (x)
edh(r) is nondecreasing. (32) and a linear algebra argument
give the dimension estimate. If f ∈ Od(M) for some d ≥ 0, then for any integer k ≥ 1,
f k ∈ EA,1(M). If f is not a constant, { f k} will be linearly independent. This contradicts
that dim(EA,1(M)) is finite.
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Finally, one can easily construct a unitary symmetric metric inCn to verify the sharpness
of the power in (28).

Remark. For C = 14 , we can also get sharp estimates by solving differential equations.
However, the expression is more messy. If C > 14 , M is automatically compact.
In the next theorem the sharp model is the generalized cigar soliton. This is the unitary
symmetric Ka¨hler metric on Cn defined by ∂∂p(r) (r is the Euclidean distance on Cn). Here
p(r) is a function such that ∂∂p(r) defines the cigar soliton on C. For details of the cigar
soliton, see [32] and [9].
Theorem 18. Let M be a complete noncompact Ka¨hler manifold and p ∈ M. Let r(x) =
dist(x, p). Suppose the holomorphic sectional curvature satisfies R1111(x) ≥ 8(er+e−r )2 where
e1 =
1√
2
(∇r − √−1J∇r). We have the sharp dimension estimate
dim(Ed(M)) ≤ dim(Ed(N)) = dim(Od(Cn))
where N is the generalized cigar soliton.
Proof. Define h(r) = log er−e−r2 . We show that (h(r))11 ≤ 0. It suffices to verify r11 ≤
2
e2r−e−2r . This follows by solving (29). Let f ∈ O(M) which vanishes at p with order k. By
theorem 12, M f (r)
ekh(r) is nondecreasing. This implies that if f ∈ Ed(M), the vanishing order off at p is no greater than d. By a linear algebra argument, the sharp dimension inequality
holds. 
10. Examples
In this section we give some examples showing that certain Ka¨hler manifolds admit
complete Ka¨hler metric with positive holomorphic sectional curvature, yet do not admit
complete Ka¨hler metric with nonnegative Ricci curvature. Recall the Hirzebruch surface
Fn is P(OP1 (n) ⊕ OP1 ), n ≥ 0.
Proposition 2 (Hitchin). For any natural number n and positive integer m, complex mani-
fold Fn×Cm admits complete Ka¨hler metric with positive holomorphic sectional curvature.
For infinitely many n, those manifolds do not admit complete Ka¨hler metric with nonnega-
tive Ricci curvature.
Proof. Recall in [30], Hitchin showed that for any integer n ≥ 0, Fn admits a Ka¨hler metric
with positive holomorphic sectional curvature. Since Cm admits a complete Ka¨hler metric
with positive holomorphic bisectional curvature, the product metric Fn × Cm has positive
holomorphic sectional curvature.
Now assume M = Fn × Cm admits a Ka¨hler metric with nonnegative Ricci curvature.
We have
T M|Fn = TFn ⊕ N
where N is the trivial normal bundle over Fn. Therefore c1(TFn) ≥ 0. According to [27],
for Fn, the canonical divisor
K = −2E0 + (n − 2)C
where E0 is the zero-section of Fn and C is the fibre. Consider the section (σ, 0) ∈ OP1 (n)⊕
OP1 , where σ is any section on OP1 (n). Away from the zeros of σ, (σ, 0) gives a curve in
Fn. Let E∞ be the closure of this curve. We have E0 · E0 = n; E0 · C = 1; E∞ ∼ E0 − nC.
Since K · E∞ ≤ 0, n ≤ 2. This concludes the proof of the proposition.
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